Some exact results on the QCD critical point 
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Abstract. We show, in a model-independent manner, that the QCD critical point can appear 
only inside the pion condensation phase of the phase-quenched QCD as long as the contribution 

■ of flavor-disconnected diagrams is negligible. The sign problem is known to be maximally severe 
in this region, implying that the QCD critical point is reachable by the present lattice QCD 
techniques only if there is an enhancement of the flavor-disconnected contribution at finite 
baryon chemical potential. 



■ 1. Introduction and conclusion 

The phase structure of quantum chrome-dynamics (QCD) at finite temperature T and finite 
baryon chemical potential fis has been a subject of considerable interest. Among others, of 
particular interest is the possible QCD critical point, which is the terminal point of the first- 
order chiral phase transition (for a review, see [I]). Such critical points may appear not only 
in hot matter between the hadron phase and quark-gluon plasma [2] but also in dense matter 
between the hadron phase and color superconductor [3J 0], and are potentially observable in 
heavy-ion collision experiments at RHIC and FAIR. Due to the sign problem, however, it has 
not yet been established in first principles lattice QCD simulations whether the QCD critical 
points really exist or not. 

The first attempt to locate the QCD critical point was made by Fodor and Katz based on the 



reweighting method [5]. As pointed out by Splittorff [6], however, their critical points happen to 
be located on the critical line of the phase-quenched QCD with the fermion determinant det T> 
replaced by | detP| (see Figure [JJ for the phase diagram), where the reweighting method breaks 
down. See also 0[TD] for other but related problems. Indeed in every model calculation (at least 
in the mean-field approximation), such as the random matrix model [12J, Nambu-Jona-Lasinio 
(NJL) model [13], and Polyakov-loop extended NJL model [14J, critical points are somehow 
observed only inside the critical line of the phase-quenched theory where the sign problem is 
maximally severe [6]. The question is whether this is the case in real QCD; if so, the QCD 
critical point is quite difficult to access by the present lattice QCD techniques. 

In this article we show, in a model-independent manner, that the QCD critical point cannot 
exist under the following conditions |15| : 

(i) The contribution of flavor-disconnected diagrams is negligible compared with that of 
connected diagrams. 



(ii) The coordinate (T,fi) in QCD at finite fis = 3/i is outside the critical line of the phase- 
quenched QCD. (Note that it is not a physical phase transition in QCD at finite ijlb-) 

The condition (i) is satisfied in the large-iV c QCD and the models in the mean-field 
approximation, but it could be violated in real QCD. In other words, if the QCD critical point 
exists in a region accessible by the present lattice QCD techniques, the condition (i) must be 
broken; it necessitates some kind of enhancement of the flavor-disconnected contribution, which 
should also be observed in the lattice QCD simulations (see section [3] for more details). 
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Figure 1. Phase diagram of phase- 
quenched QCD with fi or QCD with 
isospin chemical potential [ii = 2/i 
[7] (figure taken from [8]). See the 
text in section \2~3\ for further detail. 



2. Theorem on the QCD critical point 

2.1. Sketch of the proof 

The main observation to arrive at the conclusion above is that pions, which are the (pseudo- 
)Nambu-Goldstone modes associated with chiral symmetry breaking, are the lightest among all 
the mesonic modes (even in the medium) as long as the above conditions (i) and (ii) are met 
[,1-5] We empirically know that this is true in the QCD vacuum. If this is also true in some 
region at finite T and/or hb, the flavor-singlet mesonic mode a, which has the quantum number 
ipij) with the mass m a , satisfies the relation: 

m a > m n > 0, (1) 

where is the pion mass and the latter inequality follows due to the explicit breaking of chiral 
symmetry in the presence of the quark mass. 

On the other hand, the definition of the QCD critical point is that the static correlation 
length £ defined by 

(^i(as)^(y)) ~ e - lx - yl/ S, (2) 

is divergent, or m a = l/£ is vanishing at the point. However, from the bound (pQ) for m a , this 
is apparently impossible, and thus, the QCD critical point cannot exist in this region. Below 
we shall show, based on the rigorous QCD inequalities |17] . that pions are indeed the lightest 
mesonic modes under the conditions (i) and (ii) given in section [TJ We shall work in the Euclidean 
and two-flavor QCD with the degenerate quark mass m. (For the generalization to QCD with 
any number of flavors Nf, see |15|.) 

1 It is interesting to note that the maximal severity of the sign problem inside the critical line of the phase- 
quenched QCD is also related to the lightness of pions [16] (see also 



2.2. Proof at (j, B = 

For clarity, we first illustrate the essence of the idea at [ib = 0, and will generalize it to the case 
for /ig / 0. Consider the Dirac operator T> = D + m, where the operator D = j^(d^ + igAu). 
satisfies the anti-Hermiticity and chiral symmetry, D< = — D and 75-D75 = — D. From these two 
properties, we can easily show 

75P75 = V\ (3) 

and the positivity, detP > 0. 

Let us now consider a correlation function for a generic flavor nonsinglet fermion bilinear 
M r = tpTip, 

C r (x,y) = (M r (x)Ml(y))^ A = -(tr[S A (x,y)TS A (y,x)r}) A . (4) 

Here, S A (x,y) = (x\D~ l \y) denotes a propagator from the point y to x in a background gauge 
field A, the symbols ( • )f J A and ( • ) A denote the average over tp, A and the average over A, 
respectively, and F = lo- From ([3]) and the positivity, we have 

C r = (tr[S A (x, y)Tij 5 S A (x, y)ij 5 f]) A < (tr[S A (x, y)S A (x, y)]) A . (5) 

Here we used the Cauchy-Schwarz inequality, which is saturated when T = ij$T A with t a being 
the traceless flavor generators. The asymptotic behavior of Cr at large distance \x — y\ in the 
static limit can be written as 

where m-p is the mass of the lowest mesonic state in the channel V. Then the inequality §5§ 
leads to 

mr > m n . (7) 

In this derivation of the QCD inequalities, we need to assume that Mr is not flavor singlet, 
otherwise the contribution of flavor-disconnected diagrams {tv[TS A (x, x)] tr[TS A (y, y)]) A must 
also be taken into account. Phenomenologically disconnected diagrams may be suppressed 
compared with connected ones, as is known as the Okubo-Zweig-Iizuka (OZI) rule. Theoretically 
it can be justified in the 't Hooft large- -/V c limit |18j . since the flavor-disconnected diagrams are 
shown to be subleading in 1/N C compared with the connected ones. Here we simply assume 
that the contribution of the flavor-disconnected diagrams is negligible [condition (i)], where ([7]) 
is also applicable to the flavor-singlet channel, T = a. 

This argument is valid for any temperature T. Therefore, we conclude that the QCD critical 
point cannot exist on the T-axis (at [is = 0) under the condition (i). 

2.3. Proof at /j, B ^ 

Unfortunately the above argument cannot be naively generalized to [Ib 7^ 0, because the Dirac 
operator T>(fi) = D + fijo + m does no longer satisfy ([3]) and the positivity of the measure is 
lost. This is indeed the origin of the notorious sign problem in QCD at hb 7^ 0. 

On the other hand, we can generalize it to the phase-quenched QCD, or equivalently, QCD 
at finite isospin chemical potential fii = 2/i. In this case, the Dirac operator T>(fij) = 
D + + m satisfies the relation T175D75T1 = and detP(///) > [7|; or complex 

Dirac eigenvalues for two flavors are conjugate with each other, and detP(/x/) = |det(^)[ > 0. 
Then the following inequality follows at any \±i [7]: 



C r < {tT[S A (x,y)S A (x,y)]) A , 



(8) 



which is saturated when T = 1757*12- This leads to the inequality, mr > m n± . Under the 
condition (i) this is again applicable to T = a, and repeating a similar argument to QCD at 
fiB = 0) the critical point would be prohibited at [ij ^ 0. 

However, one should note that this is not necessarily applicable to any coordinate (T, ///). 
Indeed when the pion condensation phase appears (where m+ = 0) as we will see shortly, m a = 
is still possible and the QCD critical point is not ruled outcl 

Let us look at the phase diagram of the phase-quenched QCD (figure [T]), first discussed in 
[7]. As one increases /i/ at T = 0, tt + meson is first excited (instead of a baryon) so that it 
exhibits the Bose-Einstein condensation (BEC) for [i > On the other hand, at large \xi 

where fundamental degrees of freedom are quarks and gluons, the attractive interaction between 
u and d near the Fermi surface leads to the Bardeen-Cooper-Schrieffer (BCS) pairing (d'y^u) |7j- 
Because of the same symmetry breaking patterns U(l) l+r ■-* ^2, it is plausible that there is no 
phase transition between the two regimes. This is the so-called BEC-BCS crossover phenomena. 
Below we simply call it the pion condensation phase. Combining the arguments above altogether, 
it follows that the critical point cannot appear in QCD at /i/ ^ outside the pion condensation 
phase under the condition (i) . 

Now we can generalize this result to QCD at fis 7^ 0, taking into account the following 
property which holds under the conditions (i) and (ii): 

(V5^) Atfl =3 At = (^) A4J =2 M , (9) 

where the same (T, //) is taken in both hand sides. This property can be understood as follows 
|19j : the contribution of u and d to the chiral condensate are decoupled from each other under 
the condition (i), and there is a charge conjugation symmetry which flips the sign of the chemical 
potential for u and d independently. As (fi u , fid)=(^, ±A*) correspond to the baryon and isospin 
chemical potentials respectively, the relation (|9|) follows. However, this is not true inside the 
pion condensation phase of the phase-quenched QCD where u and d are coupled in the ground 
state, and hence, the condition (ii) is necessary [SJI2U]. Therefore the locations and the orders 
of the chiral transition must be the same between QCD at [Ib 7^ and phase-quenched QCD 
outside the pion condensation phase of the latter. The exactness of the phase quenching can be 
actually shown for any observable to 0(Nf /N c ) [51120] using the large- N c orbifold equivalence 
|21] between QCD at [xb and QCD at [i\ (see also [22J for the orbifold equivalence between QCD 
and SO(2iV c ) gauge theory at fiB 7^ 0). 

Since the QCD critical point is already shown to be excluded outside the pion condensation 
phase of the phase-quenched QCD, the same must be true for QCD at 7^ 0. This is our main 
result |15j . This also provides the underlying reason why the critical points are always observed 
in this region with maximal severity of the sign problem in the model calculations |121 \TE[ E] • 

3. Discussion 

So far we have assumed the condition (i), but how is this reasonable in real QCD? To understand 
it, first note that as far as we assume the condition (i), the chiral transition cannot be first order 
outside the pion condensation phase from our theorem. This is because, if it was first order, 
we could weaken the phase transition by gradually increase the quark mass m and we would 
eventually arrive at the critical mass m = m c where the chiral transition becomes second order; 
this is prohibited from our theorem. It means that the only thing that can make the chiral 
transition stronger to be first order is the effect of flavor-disconnected diagrams, including the 
effect of the axial anomaly [23]. So whether the QCD critical point can appear outside the pion 

2 The statement in [IS] that the critical point cannot appear in QCD at any fii in the large- N c limit was not 
precise. However, the conclusion that the QCD critical point is ruled out at finite fiB under the conditions (i) 
and (ii) remains unchanged. 



condensation phase is determined by the competition between the contribution of disconnected 
diagrams and the quark mass. We know from the lattice QCD simulation [23] that the latter 
overwhelms the former at \ib = to make the chiral transition crossover at finite T, and the 
condition (i) is satisfied in this sense. Therefore, unless there is enhancement of the latter such 
that it overcomes the former at hb 7^ for some reason, the critical point would not be accessible 
by the present lattice QCD techniques. 

In addition, nuclear matter is shown to lie inside this pion condensation phase independently 
of the quark mass, at least T = [25]. Most likely these physics at finite baryon density appear 
due to the subtle cancellation of the complex phase. It is certainly an important challenge for the 
theory to find out other ways to sample appropriate configurations in this region, which could 
enable us to probe the interesting physics in dense QCD including the color superconductivity. 
(For such recent attempts, see, e.g., [2l? l I2TI fTB| [28].) 
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